The PSPI and NSPS Fourier wavefield extrapolators are shown to be transposes on one another in the (x,ω) domain. These processes can be combined to create a new symmetric, explicit extrapolator, SNPS (symmetric nonstationary phase shift), capable of handling rapid lateral velocity variations. SVD stability analysis, using an extreme velocity model, shows that all three extrapolators are improved by using a complex velocity whose imaginary component is ~3% of the real component. Exploration of stability shows SNPS t o be significantly more stable than the other two extrapolators. An example from the Marmousi dataset shows similar performance from all three extrapolators in a practical setting.
INTRODUCTION
Explicit wavefield extrapolation methods are those which give a direct mathematical form for the extrapolation operator while implicit methods prescribe an equation which must be solved (numerically) to determine the extrapolated wavefield. Explicit methods are valued for their direct simplicity and are often quick to calculate; however, they are often unstable. That is, they cause uncontrolled growth of the amplitude of the extrapolated wavefield under recursive application. The number of recursion steps is often very large (thousands) even a small percentage of unphysical growth with each step can lead to wildly uncontrolled amplitudes.
Consider the 2D case and let x and z be the lateral and vertical coordinates. For variable velocity, vertical wavefield extrapolation is commonly formulated for v(x) only (i.e. ∂v/∂z=0) and vertical velocity variations are addressed through recursion. A typical explicit implementation is done in the x-ω domain and usually can be described through a finite Taylor series expansion (Berkhout, 1984) . An alternative to this method is the PSPI (phase-shift plus interpolation) technique of Gazdag and Squazerro (1984) . PSPI accomplishes an approximate extrapolation through v(x) using a suitable set of reference velocities {v j }. For each reference velocity, a constantvelocity phase-shift extrapolation is computed and, b y interpolating these into a single result, the extrapolation through v(x) is simulated. Etgen (1994) argued that PSPI is equivalent to an ω-x method with a very long operator and showed that such methods can become unstable in complex velocity settings. Formulating the extrapolator as a discrete matrix, he used SVD (singular value decomposition) to compute it's singular values. Stability is indicated by singular values less than unity while any singular value in excess of unity causes instability. This instability is somewhat surprising since PSPI is built from a suite of simple phase-shift extrapolations that are individually stable. Wapenaar and Grimbergen (1998) extended this stability analysis to their method of modal decomposition for the design of one-way extrapolators . They argued that much of the instability in the explicit ω-x methods arises because the extrapolation matrix is not symmetric, while reciprocity considerations require that i t should be so. They showed that modal decomposition leads to operators that are unconditionally stable. The design of such operators requires an eigenvalue decomposition of the Helmholtz operator and is therefore not explicit.
PSPI AND NSPS
We define two explicit integral operators for wavefield extrapolation and show their complementary nature. The presentation uses the language of nonstationary filters as presented in Margrave (1998) . Consider the case of scalar wavefield extrapolation from depth 0 to depth z through velocity v(x). Assume that a temporal Fourier transform has already been performed and let ψ(x,z) represent the wavefield for a single temporal frequency, ω. Ferguson (1997 and 1999) show that, when the PSPI method is pushed to the limiting case of using a single reference velocity for each distinct value in v(x), then it assumes the simple analytic form (1) where ϕ(k x ,0) is the forward Fourier transform, x to k x , of ψ(x,0), and .
PSPI defined
(
When v is constant, equation (1) is identical to ordinary phase shift but, otherwise, is a nonstationary combination filter expressed in mixed-domain form. It may also be considered as a Fourier integral operator. (The integration limits in all integrals in this paper are from -∞ to +∞, or over all possible values if the integrand has compact support.)
NSPS defined
The key result from Ferguson (1997 and 1999) was to introduce an alternative to equation (1), called nonstationary phase shift (NSPS), which is given by (3) where α(k x ,x,z) is given by equation (2) and ϕ NSPS (k x ,z) must still be inverse Fourier transformed to give ψ NSPS (x,z) t o directly compare with equation (1). Again, when v i s constant equation (3) is identical to ordinary phase shift but otherwise is a nonstationary convolution filter in mixed domain form. Both of these expressions apply the same nonstationary wavefield extrapolator, α(k x ,x,z), but NSPS combines the extrapolator with the forward Fourier transform while PSPI combines it with the inverse Fourier transform.
Space domain forms
Both of these extrapolators can be re-expressed as (x,ω) domain operations. PSPI takes the form (4) in which .
NSPS takes the very similar form (6) with .
As these equations show, NSPS and PSPI differ in how the velocity dependence (v in α(k x ,x,z)) is assigned to the lateral coordinates. NSPS uses velocity variation with respect to the input coordinate x′ while PSPI does the same with the output coordinate x. Figure 1 shows the conceptual interpretation of these results. NSPS has the physical interpretation of wavefield propagation by "emission" from the upper datum while PSPI has the interpretation of extrapolation by "reception". In other words, NSPS "pushes out" a Huygen's wavefield from each input point using the local velocities at the input location while PSPI "pulls in" wavefield energy to each output point using the local velocities at that output location.
From these expressions, it is a straightforward matter t o prove that i) the PSPI and NSPS extrapolators are the transposes of one another in the (x,ω) domain and ii) the adjoint of NSPS is PSPI with the direction of extrapolation reversed (and vice-versa) .
Note that these extrapolators can also be re-expressed in the full Fourier domain Ferguson 1997 and 1999) but that they are not each other's transpose in the (k x ,ω) domain. This curious fact is a consequence of α(k x ,x,z) being independent of the sign of k x but not of the sign of x.
A SYMMETRIC EXPLICIT EXTRAPOLATOR
The preceding analyses all suggest a complementary relationship between NSPS and PSPI so it seems natural t o try to combine them into a single downward continuation process. A combined process is suggested in Figure 2 where the first half-step of the extrapolation is done with NSPS and the second half-step with PSPI. This new method will be called symmetric nonstationary phase shift or SNPS and i s given by (8) with .
It is easily verified that the SNPS extrapolator is symmetric by showing that ∆ SNPS (x′,x)= ∆ SNPS (x,x′).
We note that other symmetric extrapolators can be built b y combining NSPS and PSPI. For example PSPI could begin the step and NSPS could end it. Alternatively, the mean of NSPS and PSPI over the whole step could be formed: (∆ NSPS + ∆ PSPI )/2. It may seem that vertical velocity variations will break the symmetry because v(x′,0)≠v(x,z). This is only superficial because, in a recursion with SNPS, each depth level will still have a symmetric operator with PSPI drawing the wavefield in and NSPS pushing it out.
This method of symmetrizing the extrapolator is not limited to the advanced phase-shift methods of NSPS and PSPI. Any asymmetric explicit extrapolator can be symmetrized in a similar manner by combining it with its transpose. Our approach makes clear the physical basis for doing so.
STABILITY ANALYSIS
We have explored that stability behavior of the PSPI, NSPS, and SNPS extrapolators using the numerical SVD analysis advocated by Etgen (1994) . For comparison, we used Etgen's extreme velocity model with v(x) being a constant 4500 m/s for all x except for a narrow range where is drops discontinuously to 2500 m/s. We also implemented a simple strategy to improve the stability of all three extrapolators using complex-valued velocities. That is v(x) is replaced b y v c (x)=v(x)[1+iη] where η is a small number on the order of .01 As is well known, this introduces attenuation that increases with traveltime and enhances stability. Using complex velocities, α(k x ,x,z) is computed as .
To assess the effects of complex velocity, we computed the singular values of the extrapolation matrices for a range of values of η In Figure 3 , we plot the largest singular value versus η showing that NSPS and PSPI have identical stability behavior while SNPS is always more stable.
The stability behavior is a function of the ∆z step size and of frequency. Figure 4 compares the three extrapolators for a range of step sizes using 3% imaginary velocity. In this case SNPS is always stable while NSPS and PSPI show a range of instability. The trend towards greater stability with increasing step size is an effect of the complex velocity. Figure 5 shows the largest singular values versus frequency. Again, SNPS is always more stable than the other two.
CONCLUDING EXAMPLE
In Figures 6,7 ,8, and 9 we show an examples of prestack depth migration using each of the three extrapolators discussed here. Our numerical implementation uses a windowing analog (see Ferguson 1997 and 1999) to compute the extrapolations. This technique models the actual v(x) with a piecewise constant function and computes the extrapolated wavefield entirely with ordinary phase-shift methods.. This method is described more fully i n Ferguson and Margrave (1999) .
This comparison uses the Marmousi synthetic and shows similar performance from all three extrapolators. This may not be the case for higher frequency data or more extreme velocity variations. We conclude that for many practical settings these three extrapolators are effectively equivalent after a recursion through many steps.
CONCLUSIONS
The NSPS and PSPI wavefield extrapolators are fundamentally complementary. NSPS "pushes out" a wavefield from its initial position while PSPI pulls the wavefield into its final position.
In the (x,ω) domain, NSPS and PSPI are the transpose of oneanother. Furthermore, the adjoint process to NSPS is PSPI with the extrapolation direction reversed, and vice-versa.
NSPS and PSPI can be combined into a symmetric nonstationary phase shift (SNPS) extrapolator. This new extrapolator has the symmetry required by reciprocity which both NSPS and PSPI lack.
SVD based stability analysis shows the SNPS extrapolator to have a greater stability range than either NSPS or PSPI. The stability of all three algorithms is enhanced by giving the velocity a small imaginary part. Stability is shown to be a complex issue that depends upon velocity gradient, dz step, and frequency.
Numerical experimentation with Marmousi shows visually similar results from all three extrapolators. Figure 1 . a) The NSPS extrapolator, symbolized by the linear operator L N , pushes the wavefield out from the upper datum using velocity v(x′,0). b) The PSPI extrapolator, L P , pulls the wavefield into the lower datum using velocity v(x,z). Etgen, 1994.) Step size (∆z) was 30m and frequency was 12.5 Hz. Singular values greater than one indicate instability. SNPS is always more stable than NSPS or PSPI. Step size was fixed at 30m and imaginary velocity was 3%. NSPS and PSPI are unstable until 60 Hz while SNPS is always stable. 
